Compact bosonic field configurations, or boson stars, are promising dark matter candidates which have been invoked as an alternative description for the supermassive compact objects, in active galactic nuclei. Boson stars can be comparable in size and mass to supermassive and they might be hard to distinguish by electromagnetic observations. However, boson stars do not possess an event horizon and their global spacetime structure is different from that of a black hole. This leaves a characteristic imprint in the gravitational-wave emission, which can be used as a discriminant between black holes and other horizonless compact objects. Here we perform a detailed study of boson stars and their gravitational-wave signatures in a fully relativistic setting, a study which was lacking in the existing literature in many respects. We construct several fully relativistic boson star configurations, and we analyze their geodesic structure and free oscillation spectra, or quasinormal modes. We explore the gravitational and scalar response of boson star spacetimes to an inspiraling stellar-mass object and compare it to its black hole counterpart. We find that a generic signature of compact boson stars is the resonant-mode excitation by a small compact object on stable quasicircular geodesic motion.
I. INTRODUCTION
We recently investigated gravitational-wave signatures of stellar-size objects orbiting around supermassive, dark matter configurations [1] . These extreme mass-ratio inspirals (EMRIs) were studied both inside and outside the supermassive object. The gravitational radiation output during the inner inspiral was treated by a Newtonian approach, which included accretion and gravitational drag, whereas the outer inspiral was described at the fully relativistic level. To model the motion of the particle outside the object, specific relativistic models have to be used and, in Ref. [1] , we considered boson star (BS) configurations, which are viable and promising dark matter candidates. Here we extend our study and discuss in detail some of the results briefly presented in Ref. [1] .
BSs are compact configurations satisfying the EinsteinKlein-Gordon equations, prevented from total collapse through the Heinsenberg uncertainty principle (for reviews on the subject see [2] [3] [4] ). They have been claimed in the literature as promising horizonless black hole (BH) mimickers, being possible star candidates for supermassive objects. BSs can be classified [3] according to the scalar potential, namely V (Φ) (see Sec. II), in the Klein- * caiomacedo@ufpa.br † paolo.pani@ist.utl.pt ‡ vitor.cardoso@ist.utl.pt § crispino@ufpa.br Gordon Lagrangian. In this paper, we shall discuss some of the most popular BS models:
• Mini boson stars, for which the scalar potential is given by V (Φ) = µ 2 |Φ| 2 , where µ is the scalar field mass. The maximum mass for this BS model is given by the so-called Kaup limit M max ≈ 0.633m 2 P /µ, with m P being the Planck mass [5, 6] . For typical values of µ, this mass limit is much smaller than the Chandrasekhar limit for a fermion star, approximately m 3 P /µ 2 . Nevertheless, despite their name, mini BSs may have a total mass compatible with that observed in active galactic nuclei [3] . This happens for ultralight boson masses µ, as those motivated by string axiverse scenarios [7] .
• Massive boson stars, for which the scalar potential has an additional quartic scalar field term, V (Φ) = µ 2 |Φ| 2 + λ|Φ| 4 /2 [8] . Depending on the value of λ, the maximum mass can be comparable to the Chandrasekhar limit. For λ ≫ µ 2 /m 2 P one can estimate M max ≈ 0.062λ 1/2 m 3 P /µ 2 .
• Solitonic boson stars, for which V (Φ) = µ 2 |Φ| 2 (1 − 2|Φ| 2 /σ 2 0 ) 2 , where σ 0 is a constant [9] . This potential supports confined nondispersive solutions with finite mass, even in the absence of gravity. The total mass of the star depends on σ 0 and M max ≈ 0.0198m Other types of BSs can be obtained using different scalar self-potentials; see Ref. [3] for a more detailed list. The emission spectra from a simple accretion disk model around BSs was studied in Refs. [10, 11] . It was shown that, depending on the BS model and on the compactness, spherically symmetric massive BSs can be indistinguishable from Schwarzschild BHs. In this sense, BS can supplant BHs as supermassive objects. Ways to discriminate BSs from BHs have been studied in the literature, such as the Kα iron line profile from accretion disks [12] (see also [13] for other compact objects) and gravitational lensing [14] (see also Ref. [3] ).
Despite the vast existing literature on their dynamical features (cf. the recent review [4] ), a detailed study on the astrophysical signatures of BSs in a fully relativistic setting is missing. The scope of the present paper is to fill this gap. We study dynamical BSs in order to identify possible smoking guns of horizonless compact objects and of compact dark matter configurations, extending previous studies in several directions.
After giving the necessary formalism in Sec. II, we explore the three different types of BSs discussed above in Sec. III. The spacetimes are obtained using the full Einstein equation, without any approximation scheme. Our results agree very well with the ones presented in the literature [6, 8, 9] .
In Sec. IV we characterize circular geodesics in BS spacetimes. In particular, even though a BS does not possess a well-defined surface and stable circular geodesics may exist even inside the star, we find some upper bound on the angular frequency as measured by (static) asymptotic observers. In Sec. V we compute the fundamental quasinormal modes (QNMs) of various BS models and show that there exists a class of low-frequency modes. In Sec. VI we show that these modes can be excited by point particles in quasicircular geodesic motion. This is a striking difference from the BH case, where the QNMs can only be excited by particles plunging into the BH and not during the inspiral.
The results of Sec. V are complementary to those of Refs. [15, 16] , where the QNMs of mini BS configurations were computed using a Wentzel-Kramers-Brillouin (WKB) approximation (see also Ref. [17] where the scalar QNMs of BS models in the probe limit were computed). We extend those results by considering several BS models and by computing the proper modes with more sophisticated methods that do not rely on any approximation scheme. More specifically, we focus on the quasibound state modes of the scalar field, and we argue that these are generic features of any BS configuration supported by a massive scalar field.
The results of Sec. VI are complementary to-and in fact extend-the work by Kesden et al. [18] , who calculated the approximated waveforms for gravitational waves emitted by particle inspirals from the Schwarzschild exterior to the interior of a nontopological soliton star. As in Ref. [18] , here we have the broad goal of studying gravitational-wave emission by EMRIs around generic horizonless objects. EMRIs are unique probes of the strong-curvature regime of general relativity (GR) and are also perfect test beds to put constraints on modified theories of gravity (see, e.g., Refs. [19, 20] ). In addition to computing the gravitational and scalar energy fluxes in a consistent and fully relativistic approach for several BS models, we find that the absence of the "one-way membrane" (event horizon) opens up the possibility that the free oscillation modes of a BS are measurably different from those of a BH, and they can even be resonantly excited by orbiting point particles. Indeed, we find that orbiting stellar-mass objects around BSs generically excite a multitude of resonant frequencies, and give rise to a signal which in its last stages bears no resemblance to chirp or ringdown signals typical of inspirals into BHs. We have discussed the detectability of these resonances in Ref. [1] .
Our results might be interesting at various levels but, from a phenomenological standpoint, the main message is that gravitational waves do allow a discrimination between compact objects, in particular between BHs and BSs. We use the signature (−, +, +, +) for the metric and natural units = c = G = 1.
II. EINSTEIN'S EQUATION FOR A PARTICLE ORBITING A BOSON STAR
BSs are equilibrium self-gravitating solutions of the Einstein-Klein-Gordon theory:
where κ = 8π and S matter denotes the action of any other matter field. From the action above, Einstein's equations read
where
is the energy-momentum of the scalar field. The KleinGordon equation reads
together with its complex conjugate.
A. Background solutions
We will focus exclusively on spherically symmetric BSs and consider the background line element
The ansatz for the background scalar field reads [4] 
where φ 0 (r) is a real function. Although the scalar field is time dependent, the Einstein-Klein-Gordon system admits static and spherically symmetric metrics [3, 5, 6, 8, 21, 22] . With the ansatz above, the background field equations, obtained from (1)-(3), read
where a prime denotes the derivative with respect to r, U 0 = U (φ 0 ) and U (Φ) = dV /d|Φ| 2 . In the equations above, the density ρ, the radial pressure p rad , and the tangential pressure p tan are given in terms of the stressenergy tensor of the scalar field, T Φ ab . More specifically,
where V 0 = V (φ 0 ). Unlike the case of perfect fluid stars, the complex scalar field behaves like an anisotropic fluid, p rad = p tan . Equations (6)- (8) can be solved numerically with suitable boundary conditions (see Sec. III) to obtain the background metric and scalar field configuration.
B. Perturbations
We are interested in the free oscillation spectrum of a BS as well as in the scalar field and metric perturbations induced by test particles on geodesic motion in the spherically symmetric spacetime described above. At first-order in the perturbations, the metric reads
where g
ab is given in Eq. (4). In the Regge-Wheeler gauge [23] , using a Fourier expansion, the first order perturbation h ab separates into the axial sector
and polar sector
where Y lm ≡ Y lm (θ, ϕ) are the usual scalar spherical harmonics. Each metric and scalar field perturbation, e.g. h 0 (r), explicitly depends on the frequency σ and on the wave numbers l and m. The ⋆ symbol indicates the symmetric components, such that h ab = h ba .
At first order, the scalar field reads Φ = Φ 0 +δΦ, where Φ 0 is the background scalar field defined above and
Note that the ansatz above differs from that used in Refs. [15, 16] . The scalar field potential can be written as
Likewise, for the first derivative
In the presence of matter fields other than the complex scalar, T matter ab also has to be expanded in tensorial harmonics [24, 25] . In the time domain, the matter stressenergy tensor of a particle in the θ = π/2 plane reads
whereẋ a ≡ (ṫ p ,ṙ p , 0,φ p ) and µ p are the particle's fourvelocity and mass, respectively.
Axial s ector
As discussed in Ref. [15] , perturbations of the scalar field have even parity, so they couple only with polar gravitational perturbations. Thus, gravitational axial perturbations decouple and they are described by the linearized Einstein equations (1), namely,
where we have defined
and m(r) is the mass function which denotes the total mass within a sphere of radius r. From Eq. (6), we get
and the total mass of the star is given by M ≡ m(r → ∞). In the equations above, the P σlm 's are source terms which depend on the particle's stress-energy tensor, and they are explicitly given, e.g., in Ref. [20] . We can also define h 1 (r) in terms of the Regge-Wheeler function,
Substituting the relation above into Eq. (19) , the function h 0 (r) can be written in terms of Ψ RW as
Equations (19)- (21) are not all independent, due to the Bianchi identities. Indeed, they are equivalent to a single Regge-Wheeler equation for Ψ RW , namely,
where r * is the Regge-Wheeler coordinate, defined through dr * = e (u−v)/2 dr, V RW (r) is the Regge-Wheeler potential (27) and S RW (r) is the source term
Note that the homogeneous Regge-Wheeler equation (26) with the potential (27) is equivalent to that of an isotropic, perfect-fluid star with pressure equal to p rad [26] [27] [28] .
Polar sector
The equations for the polar sector are more involved. Following Zerilli [24] , the linearized Einstein's equations read
where the source terms A (1) , F, B and B (0) read
and the functions A
lm (r, t), F lm (r, t), B lm (r, t) and B (0) lm (r, t) for the Schwarzschild background are explicitly given in Ref. [25] . In the background (4), these functions can be computed in a similar fashion and they reduce to those in Ref. [25] in the vacuum case. We have also used that
which is obtained from the Einstein equations. The scalar field perturbations are governed by the following inhomogeneous equations:
Therefore, the polar sector is described by three firstorder Einstein equations coupled to two second-order scalar equations. There exists an algebraic relation between K, H 0 and H 1 that can be used to eliminate one of the gravitational perturbations. Finally, the system can be reduced to three coupled second-order differential equations. This is in contrast to the case of perfect-fluid stars, where the polar sector is described by a system of two second-order equations [26, 29, 30] . Here, rather than working with three second-order equations, we shall use the system of equations given by Eqs. (28)- (30) and (36) .
III. SOLVING THE BACKGROUND EQUATIONS
In this section we construct spherically symmetric BS models by solving numerically the background equations (6)- (8) . After imposing suitable boundary conditions, the background equations form an eigenvalue problem for the frequency ω, which we solve using a standard shooting method [31] . We integrate Eqs. (6)- (8) from the origin, where we require regularity
The value v c is arbitrary because it can be adjusted by a time reparametrization in order to impose asymptotic flatness, i.e. v(r → ∞) = 0. In practice, to increase the accuracy of the numerical integration, we have considered a higher order expansion near the origin which, at first order, reduces to the equations above. At infinity, we impose the metric to be Minkowski and the scalar field to be vanishing:
For each value of φ c , the boundary condition above is satisfied by a discrete set of eigenfrequencies ω. We focus here on BS background solutions in the ground state, which correspond to the scalar profile having no nodes and to the lowest eigenfrequency ω. The overtones correspond to excited states that would decay to the ground state through emission of scalar and gravitational radiation [32] . Note that, depending on the specific BS model, the shooting procedure can be challenging, due to singularities that appear in the integration if the trial frequency ω is not sufficiently close to the eigenfrequency. In many cases, a precise and tedious fine-tuning is necessary. Furthermore, due to the presence of a mass term in the scalar potential, the scalar field has a Yukawa-like behavior, (e − √ µ 2 −ω 2 r * )/r at large distances r * µ ≫ 1 [3] . This makes the integration particularly challenging at large distances.
By adopting the procedure above, we can obtain a oneparameter family of solutions, the parameter being the central value of the scalar field φ c . For each configuration, the total mass of the BS is M = m(r → ∞). Contrary to the case of perfect-fluid stars, BSs do not possess a well-defined surface as the scalar field spreads all over the radial direction. However, due to the exponential suppression, the configuration is highly localized in a radius ∼ 1/µ. It is thus useful to define an effective radius for the compact configuration. We shall define the effective radius R such that m(R) corresponds to 99% of the total mass M . Other inequivalent definitions have been considered in the literature, see e.g. Ref. [3] for a discussion.
In the following, we describe each of the BS models we have considered, namely, mini BSs, massive BSs and solitonic BSs. A summary of the configurations used in this work is presented in Table I (adapted from Ref. [1] ). For each BS model, we have selected two stellar configurations. The first configuration corresponds to the maximum total mass of the model, which corresponds to the critical point dividing stable and unstable configurations. The second configuration corresponds to the maximum compactness, defined as M/R. Note that the maximum compactness configuration generally occurs for values of φ c which are larger than those corresponding to the maximum mass. Therefore, the second configuration is usually in the unstable branch of solutions (cf. e.g. Ref. [33] ). [1] ) BS models used in this work. For massive BS configurations we useλ = 100, whereas both solitonic BS models have σ0 = 0.05. The significant digits ofω do not represent the numerical precision, but they show the fine-tuning needed to achieve the solutions. Table I ). In the top, middle and lower rows we show the metric elements e v , e u and the scalar profileφ0, respectively. Each column refers to a different BS model. From left to right: mini BS, massive BS and solitonic BS. For each model, we compare the metric profiles to those of a Schwarzschild BH and for the solitonic BS model we also compare to the metric elements of a uniform density star with R = 3M .
A. Mini boson stars
In this model the scalar potential reads
This is one of the simplest potentials that can support self-gravitating configurations. The name comes from the fact that the maximum mass achieved in this model is smaller than the Chandrasekhar limit for the same particle mass although, for ultralight bosonic fields [7] , it can still reproduce supermassive astrophysical objects. In order to compare with Refs. [15, 16] , we rescale the equations as
The rescaled background profiles (metric functions and the scalar field) for the two configurations listed in Table I are shown in the left panels of Fig. 1 . The metric functions for these configurations are also compared with the Schwarzschild black hole ones.
B. Massive boson stars
For this model the potential has a quartic interaction:
where λ is a constant. This potential was studied in Ref. [8] , where it was shown that the model may differ considerably from the mini BS case, even when λ ≪ 1. Also, the maximum mass increases with λ, being comparable with the Chandrasekhar limit. For the case of massive BSs, in order to facilitate the comparison with the results in Ref. [8] , we have performed the following rescaling:
The maximum compactness for solutions of this model increases with λ, and we found results in agreement with previous calculations [11, 34] . Here, we fixedλ = 100 and considered two configurations as summarized in Table I . The metric and scalar field profiles for this model are shown in the middle panels of Fig. 1 .
C. Solitonic boson stars
The scalar potential for this configuration is given by
where σ 0 is a constant, generically taken to be of the same order as µ [9, 35] . This is the simplest potential that can generate, in the absence of gravity, nontopological solitonic solutions, i.e., nondispersive scalar field solutions. In this case, it is convenient to rescale the equations in units of Λµ, with Λ = κ 1/2 σ 0 . We use [9, 18] 
The field equations for the solitonic potential are stiff, and the scalar field has a very steep profile across a surface layer of thickness ∼ µ −1 . This stiffness makes the numerical integration particularly challenging and, in Refs. [9, 18] , spherically symmetric solutions to this model were constructed only perturbatively, in the limit σ 0 ≪ m P and considering a step-function profile for the scalar field. One advantage of that approach is that the approximate solution has a well-defined radius and that, because the scalar profile is given, only the metric equations have to be solved numerically in the interior of the star. The solution is then matched with a Schwarzschild exterior.
However, besides the challenging technicalities in the integration, there is no real need to obtain approximate solutions, which neglect the backreaction between metric functions and the scalar field. Here, we have constructed solitonic BS solutions to the full nonlinear system (6)- (8), i.e. without any approximation (cf. also Refs. [36] where similar solutions were constructed using relaxation methods). This requires high-precision numerical schemes and an extremely fine-tuned shooting method, as shown by the fine-tuning needed to find a solution (cf. Table I ). In the small σ 0 limit, our results agree remarkably well with the approximate solutions presented in Refs. [9, 18] and they extend those results to generic values of the parameters in the scalar potential (45) .
Unlike the other cases explored in this paper, solitonic BSs can be very compact, with the radius of the star comparable to or smaller than the Schwarzschild light ring [9, 18] . In the right panels of Fig. 1 we compare the metric components to those of a Schwarzschild spacetime and of the uniform density stars with R = 3M , and we show the steep profile of the scalar field. The scalar field approximates a step function, in agreement with the approximate solution of Refs. [9, 18] . In that case e u(r) is discontinuous at the star surface. In our case there is no actual radius, and e u(r) is continuous, although it has a sharp peak close to the effective radius of the star.
IV. GEODESICS AROUND BOSON STARS
Stellar-size objects gravitating around supermassive BSs have a small backreaction on the geometry and, to first order in the object's mass, move along geodesics of the BS background. Accordingly, gravitational-wave emission by such binaries requires a knowledge of the geodesic motion, on which we now focus. We will also concentrate exclusively on circular, geodesic motion. The reasoning behind this is that it makes the calculations much simpler, while retaining the main features of the physics. Furthermore, it can be shown that generic eccentric orbits get circularized by gravitational-wave emission in vacuum [37] and in the presence of accretion and gravitational drag [1] , on a time scale that depends on the mass ratio.
We follow the analysis by Chandrasekhar [38] (see also Ref. [39] , where the formalism for a generic background is presented, and Ref. [40] for a recent work on geodesics in BS spacetimes). Following previous studies [10, 11, 18] , we assume that the point particle is not directly coupled to the background scalar field. We start by defining the Lagrangian of the particle motion on the θ = π/2 plane:
The conserved energy E and angular-momentum parameter per unit rest mass L and can be obtained via Table I . Each plot refers to a different BS model. From left to right: mini BS, massive BS and solitonic BS. For mini and massive BSs we compare the angular velocity to those of a Schwarzschild BH, and for the solitonic BS model we compare to the case of a uniform density star with R = 3M . In the solitonic case, the marker indicates the innermost stable circular orbit for the Schwarzschild BH, which is given by r = 6M and M Ωisco ≈ 0.068.
From these equations, we get the following equation of motion:
The energy and angular-momentum of the particle in circular orbits follow from Eq. (48) by imposingṙ| r=rp = 0 andr| r=rp = 0, resulting in
where the background Einstein equations were used to eliminate metric derivatives. Circular null geodesics correspond to 2r − κr 3 p rad − 6m = 0. Finally, the orbital frequency of circular geodesics reads
The angular velocities of circular geodesics in BS spacetimes are shown in Fig. 2 . Up to the innermost stable circular orbit of a Schwarzschild spacetime, r = 6M , the angular velocities are very close to their Schwarzschild counterpart with the same total mass, as might be expected since these are very compact configurations. For geodesics at r < 6M the structure can be very different. A striking difference is that stable circular timelike geodesics exist for BSs even very deep into the star [1, 10, 11] .
Solitonic BSs can become truly relativistic gravitating objects. For these objects, an outer last stable circular orbit exists at r ≈ 6M and M Ω isco ≈ 0.068. This is expected, as the spacetime is very close to Schwarzschild spacetime outside the solitonic BS effective radius. We also find a first (unstable) light ring at roughly r l+ ≈ 3M . The unexpected feature is the presence of a second stable light ring at r l− < r l+ , together with a family of stable timelike circular geodesics all the way to the center of the star. These light rings are genuine relativistic features, which was not reported in previous studies, as far as we are aware. Uniform density stars, depending on their compactness, also present two light ring and stable circular timelike orbits in their interior. In the right panel of Fig. 2 the case of a uniform density star with radius R = 3M is also shown. In that case, the two light rings degenerate in the star surface. What makes solitonic BSs stand out is the possibility that inspiraling matter couples weakly to the solitonic BS scalar field and therefore has access to these geodesics, although as we showed in Ref. [1] , inspiraling BHs in principle do not follow these geodesics. Furthermore, we found no circular orbits between the outer and the inner light ring, whereas all circular orbits are stable inside the inner light ring.
Finally, deep inside the BSs, the circular geodesics are nonrelativistic. In fact, the velocity as measured by static observers at infinity and by static observers at fixed r, decreases to zero as the radius approaches zero. In this regime, other dissipative effects such as gravitational drag and accretion onto the small compact object have to be considered [1] .
V. QUASINORMAL MODES OF BOSON STARS
In this section we discuss the quasinormal modes (QNMs) of the BS models presented in the previous sections. QNMs are complex eigenfrequencies σ = σ R + iσ I of the linearized homogeneous perturbation equations supplied with physically motivated boundary conditions (see e.g. [26, 41] ). Since the perturbations of a spheri-cally symmetric spacetime naturally divide into an axial and a polar sector, there exist two different classes of modes, which we shall refer to as axial and polar modes, respectively.
Unlike the case of a Schwarzschild BH [38] , the axial and the polar BS modes are not isospectral. As we shall discuss, the BS QNMs can be understood in analogy to the modes of ordinary stars, with the background scalar field playing the role of an anisotropic fluid. The main difference with the case of ordinary stars is that a BS does not have a proper surface and that scalar perturbations, unlike their fluid counterpart, can propagate to infinity. In the following, we shall treat axial and polar modes separately.
A. Axial QNMs
As discussed in Sec. II B 1, the source-free (S RW = 0) axial perturbations can be reduced to the homogeneous Regge-Wheeler equation
where V RW is defined in Eq. (27) and it is shown in Fig. 3 for some BS model and for the case of a Schwarzschild BH. Note that Eq. (52) does not involve scalar field perturbations, in analogy to the fluid perturbations of an ordinary star, which are only coupled to the polar sector. This decoupling led Yoshida et al. [16] to assume that the axial sector of BSs is "not coupled to gravitational waves" and therefore not interesting. However, we show here that BS models generically admit axial QNMs, in analogy to the w modes of ordinary stars which are in fact curvature modes similar to those of a BH (see Ref. [26] for a review). Moreover, for ultracompact stars (R < 3M ), a potential well appears in the Regge-Wheeler potential, generating the possibility of having trapped QNMs, which are long-living modes [42, 43] . In Sec. VI we shall also show that axial perturbations with odd values of l+m are sourced by point particles orbiting the BS, and therefore they contribute to the gravitational-wave signal emitted during the inspiral. At the center of the star, we require regularity of the Regge-Wheeler function,
where the coefficients a 
where again the coefficients a
∞ can be obtained perturbatively. In the following we discuss two different methods to compute BS axial modes.
Axial QNMs via continued fractions
In Ref. [16] , the polar modes of some mini BS configurations were computed using a WKB approximation. Here, we resort to a continued fraction method [44] adapted from the studies of ordinary stars as shown in Refs. [45, 46] (see also Ref. [47] in which the same method was applied to gravastars).
First, we write the solution of the homogeneous ReggeWheeler equation in a power-series expansion of the form
where z ≡ 1 − R 2 /r, and r = R 2 is some point outside the stellar object (in our case will be outside the effective radius). The expansion coefficients a n are found to satisfy a four-term recurrence relation of the form:
α n a n+1 + β n a n + γ n a n−1 + δ n a n−2 = 0 , n ≥ 2 , where:
Since the Regge-Wheeler equation is homogeneous, the coefficient a 0 is an arbitrary normalization constant. The ratio a 1 /a 0 can be determined by imposing the continuity of Ψ RW and Ψ ′ RW at r = R 2 . From Eq. (55) it follows that:
(58) As in the case of ordinary stars, the values of Ψ RW (R 2 ) and Ψ ′ RW (R 2 ) are obtained by integrating numerically the Regge-Wheeler equation in the interior. Leaver [48] has shown that the four-term recurrence relation (56) can be reduced to a three-term recurrence relation by a Gaussian elimination step and solved by standard methods [41] (see also Ref. [47] for a more detailed discussion). The complex roots of the continued fraction relation are the QNMs of the BS.
Axial QNMs via direct integration
In some cases, QNMs can be computed via direct integration [49, 50] . This method is not particularly well suited because radial QNM functions grow exponentially as r → ∞ and become very sensitive to numerical errors [41] . However, it is possible to integrate Eq. (52) up to moderately large values of r and to minimize the truncation errors by considering a large number of terms in the series expansion (54) . In our code, we typically consider N = 15 in Eq. (54) and integrate up to r ∼ 30M . This would suppress truncation errors at the level of 30 −15 ∼ 10 −22 . The method is a simple extension of the case of uniform density stars [42, 43, 49] . We perform two integrations of Eq. (52): one from the center of the star with the boundary condition (53) up to r m , and another from r ∞ with the boundary condition (54) until r m . The wave functions constructed this way have the correct boundary conditions both at the origin and at infinity. However, for generic values of the frequency σ the Regge-Wheeler function is not continuous at the matching point r = r m . We define the jump at r m as [49] 
where the "minus" and "plus" subscripts denote evaluation at r = r m from the left and from the right, respectively. The axial QNMs are obtained as the roots of ∆ m (σ). Due to the numerical inaccuracies discussed above, this procedure becomes less accurate for modes with large imaginary part. For example it can be used to obtain only the first few tones of a Schwarzschild BH [49] . A similar procedure can be adopted in the case of ordinary stars, this time by requiring that the Wronskian of the two solutions (those constructed by integrating from the center and from infinity) is vanishing at the star surface. This is equivalent to requiring continuity of the wave function and of its first derivative. To test our code, we successfully found some of the modes presented in Refs. [42, 43] for constant density stars, whose background metric coefficients can be determined analytically (see Appendix A). For all modes computed by direct integration, we have checked the stability of the results under variation of the parameters r m and r ∞ . We stress that, at variance with continued fraction techniques, the direct integration is only accurate when σ I ≪ σ R .
B. Polar QNMs
As discussed in Sec. II B 2, the polar sector can be reduced to a system of three coupled second-order differential equations: two for the scalar field perturbations φ ± and one for gravitational perturbations described by a modified Zerilli equation. In practice, in the interior of the object it is more convenient to solve directly for the polar perturbation functions, K, H 0 and H 1 , which are described by three first-order differential equations and by an algebraic relation.
As in the axial case, at the origin we require regularity of the perturbations and we can expand them in powers of r as
where X collectively denotes H 2 = H 0 , K, H 1 and φ ± . It is straightforward to show that this expansion near the center only depends on three free parameters. At infinity, the background scalar field vanishes and gravitational and scalar perturbations decouple [16] .
Let us now discuss the asymptotic behavior of the gravitational field. In vacuum, all polar metric perturbations can be written in terms of one single function which obeys the Zerilli equation,
where dr/dr * = 1 − 2M/r,
andΛ = (l − 1)(l + 2)/2. The generic solution at infinity is a superposition of outgoing and incoming waves:
and again the standard QNM condition requires A in = 0 [41] . The metric perturbations can be written in terms of the Zerilli function through the following equations:
The asymptotic behavior of the scalar field perturbations is more involved. In vacuum, the equations for the scalar perturbations (36) reduce to
The asymptotic solution for the scalar perturbations reads
where we have defined ν ± = M µ 2 /k ± and
Without loss of generality, we choose the root such that Re[k ± ] > 0. Different physically motivated boundary conditions are possible for the scalar field, depending on the sign of the imaginary part of k ± , Im[k ± ] ∼ − (σ R ± ω) σ I . As usual, a purely outgoing-wave boundary condition at infinity, i.e. φ ± ∼ e i|Im[k±]|r * , defines the QNMs. On the other hand, due to the presence of the mass term it is possible to have quasibound-state modes, i.e. states that are spatially localized within the vicinity of the compact object and decay exponentially at spatial infinity [51] [52] [53] . Therefore, quasibound states are simply defined by C ± = 0. In the case at hand, the QNM conditions depend on σ R and on σ I , as shown in Table II where all cases are listed. In the following, we detail the QNM condition for stable and unstable modes.
Let us start discussing the boundary conditions for stable modes (σ I < 0). When σ R > ω the QNM condition is the same for both scalar perturbations, B ± = 0. However, if σ R < ω, the QNM condition for the scalar field perturbations is different, being B + = 0 and C − = 0. Note that in this case the stable QNMs of φ − decay exponentially and is degenerate with the bound-state modes.
For unstable modes (σ I > 0) the situation is different. In this case when σ R > ω, the QNM condition is the same for both scalar perturbations, C ± = 0, and coincide with the bound-state conditions. However, when σ R < ω the QNM conditions read C + = 0 and B − = 0, so that only the unstable QNM condition of φ + coincides with the bound-state condition.
This peculiar behavior is due to the presence of a mass term (which allows for bound states) and of a complex background scalar field, ω = 0, which essentially shifts the real part of the frequency of the scalar perturbations. Note that in the case of probe complex scalars around a Schwarzschild BH, the terms introduced by ω can be eliminated by a simple shift of the wave frequency, but in the case at hand, this term is physical because of the coupling to the gravitational perturbations.
Polar QNMs via direct integration
Computing the polar modes of a BS is particularly challenging. To compute the polar QNMs of perfect fluid stars the usual continued fraction method proves to be very robust. However, unlike the case of ordinary stars, BSs do not possess a surface where fluid perturbations vanish. In order to understand this issue, let us briefly review the case of ordinary stars [45, 46] . In that case polar QNMs are found by first solving a boundary problem in the interior of the star, requiring the perturbations to be regular at the center and the pressure perturbations to be vanishing at the surface of the star. For any given frequency, this procedure singles out one solution that satisfies the correct boundary condition in the interior, and it allows one to construct the Zerilli function Ψ Z at the radius of the star. Then, Chandrasekhar transformations [38] are used to transform the Zerilli function into the Regge-Wheeler function Ψ RW and, finally, the continued fraction method can be implemented as explained above for the axial case.
Contrarily to the case of fluid perturbations in ordinary stars, in the BS cases the matter perturbations (scalar field perturbations) propagate in vacuum and, strictly speaking, there is no exterior Schwarzschild solution in which the linear dynamics is simply governed by a single Regge-Wheeler equation. This prevents a direct extension of this method.
To circumvent this problem, we opt for direct integration techniques, which we now describe. The system of linearized perturbation equations can be written as a first-order system for the six-dimensional vector
We perform two integrations: one from the origin and one from infinity, in both cases imposing suitable boundary conditions as discussed above. It is easy to show that, for each integration, there exists a three-parameter family of solutions, corresponding to three independent parameters of the near-origin and near-infinity expansions. Then, we construct the lin- 
ear combinations
where α (±) i are constants and Ψ − and Ψ + refer to the integration from the origin and from infinity, respectively. The subscripts 1, 2 and 3 refer to three linear independent solutions of the homogeneous system. Since the system of equations is linear, we have the freedom to set one of the coefficients α (±) i of the linear combination to unity. The other five coefficients can be obtained by requiring Ψ − = Ψ + at some arbitrary matching point. For a generic frequency, only five out of the six components of Ψ can be matched smoothly. Finally, the eigenfrequency of the problem is obtained by requiring that the remaining component is also continuous. In practice, for each frequency σ we can perform six numerical integrations of the linear system, construct the linear combinations above, obtain the coefficients α (±) i and compute the jump of the only discontinuous component of Ψ at the matching point. Then, a standard shooting method can be implemented to obtain the complex eigenfrequency. Similarly to the direct integration discussed in the axial case, this method provides accurate results only when σ I ≪ σ R .
C. Results for BS QNMs
Using the methods described above, we have computed axial and polar modes of several BS models in a fully relativistic setting, i.e. without using any approximation method. As shown in Table II , the spectrum of BS polar modes is fairly rich. Here, we focus on the least damped modes, i.e. those with the smallest imaginary part, which are expected to dominate the ringdown waveform at late times [41] . Note that, for all BS models we have investigated, there exists a class of much longer lived modes than that considered in Ref. [16] . We have also shown the modes in units of M , for future comparisons. In the tables, N ≥ 1 is the overtone number.
For the axial modes, we have used the continued fraction method and, for the modes with σ I ≪ σ R , we independently confirmed the results by using a direct integration method. The direct integration works better for compact configurations like the solitonic BSs, which share many similarities with compact uniform density stars. The least damped axial QNMs of solitonic BSs are presented in Table III , comparing the results of the two different methods.
Note that this class of BS modes is qualitatively similar to the w modes of constant density stars with comparable compactness [26] . Computing the modes for the mini BS and massive BS models is more challenging because the imaginary part of these modes is comparable to the real part. In this case, a direct integration method becomes inaccurate. On the other hand, for these cases, we have successfully implemented the continued fraction method discussed above. Some modes for the mini BS model and the massive BS model are presented in Table IV . We note that, according to Ref. [46] , the value of R 2 in the expansion (55) cannot be completely arbitrary. In fact, it has to be slightly larger than the BS effective radius, in order to obtain a stable mode. This introduces an intrinsic inaccuracy in the BS QNMs computed with the continued fractions. Indeed, at r = R 2 the background scalar field is not exactly vanishing and the recursion relations (56) are not exactly satisfied. This error decreases for compact configurations because the scalar field decays faster. In our calculations, we use R 2 = 1.4R and check the accuracy of the method by changing the location of R 2 in the range 1.3M to 1.5M . We estimate an error of a few percent in the values presented in Table IV. Let us now discuss the polar modes, which show a much richer structure due to the coupling between gravitational and scalar perturbations. Some of these modes were computed in Ref. [16] using a WKB approximation, for the cases in which µ < (σ ± ω) [cf. Eq. (67)]. In this case, both gravitational and scalar perturbations behave as outgoing waves at infinity. However, this restriction prevents the existence of quasibound-state modes for the scalar field perturbations, which are expected to dominate in the late time signal. Here we focus on this complementary regime, where scalar perturbations admit localized states (cf. Table II) . We have obtained the fundamental modes of our BS models using the direct integration method described above. A selection of the results is presented in Table V . For the solitonic BS polar modes, due to the precision needed for the background, a precise root finder method was not possible, making the modes more inaccurate than the mini and massive BS cases.
In Tables IV and V we also show the l = 1 axial modes and the l = 0 polar modes, respectively. Given the quadrupolar nature of GR, in the Schwarzschild case the l = 0, 1 perturbations are simply associated with infinitesimal changes in the mass and in the angular momentum, respectively [23, 24] . However, due to the coupling with the scalar field, for BSs these modes become part of the spectrum and are associated with monopole and dipole emission. Finally, by comparing the real part of the polar modes shown in Table V with the orbital frequency of circular geodesics shown in Fig. 2 , we observe that such modes can be potentially excited by a quasicircular EMRI [54, 55] in the point-particle limit. We investigate this effect in the next section.
VI. POINT PARTICLE ORBITING A BOSON STAR
The gravitational and the scalar wave emission by a particle in a circular geodesic motion around a BS is governed by the inhomogeneous system of equations (26) and (28)- (30) and (36) . The solutions can be constructed via Green's function techniques. Once again, we shall treat the axial and polar sectors separately.
A. Axial sector
The axial sector is fully described by Eq. (26) . The general solution can be constructed from two independent solutions of the associated homogeneous equations:
where Z ± are solutions of the homogeneous associated equation with the following boundary conditions
TABLE V. Polar QNMs of mini BS, massive BS and solitonic BS configurations for l = 0 (left), and l = 2 (right), computed by a direct integration method. and
is the Wronskian. At large distance, the solution (70) reads
For circular orbits the source terms generically contain Dirac's delta terms δ(r−r p ) and their derivative, namely:
so that the solution (73) can be rewritten as
where [56] 
Finally, the energy flux at (null) infinity due to the axial part of the perturbations is given by [56, 57] E inf,axial lm
Due to the explicit form of the source term, the axial flux is vanishing for even values of l + m. In Fig. 4 we show the dominant l = 2, m = 1 contribution of the axial flux for various stable BS models as well as that of a Schwarzschild BH. The deviations from the BH case are basically indistinguishable at large distances. As expected, more compact configurations like the solitonic BS model are closer to the BH case.
B. Polar sector
The polar sector is described by the inhomogeneous system of coupled equations (28)- (30) . A general method to solve this class of problems was presented in Ref. [20] , which we shall closely follow. The polar equations can be written as dΨ dr
where we introduced the six-dimensional vectors
and the vector S describes the source terms. The matrix V can be straightforwardly constructed from Eqs. (28)- (30) . In order to solve Eq. (75), let us define the 6 × 6 matrix X, whose columns are formed by independent solutions of the associated homogeneous problem. It is easy to show that
The general solution can be written in terms of the homogeneous solutions by [20] 
The matrix X can be constructed in the following way [20, 58] : the solution close to the origin is defined by three independent parameters, say (ψ . We can construct three independent solutions integrating the equations from the origin by setting the triad to (1, 0, 0), (0, 1, 0) and (0, 0, 1). Using the same for the integration from infinity, we construct the set of six independent solutions which form X.
The boundary conditions for the problem are analogous to those described in the previous sections. For the gravitational functions, we require regularity at the origin and outgoing waves at infinity. For the scalar field, we require regularity at the origin, but the condition of outgoing waves is not satisfied for all values of Ω. In fact, for sufficiently small frequencies, when k To compute the polar gravitational part of the flux, we construct the Zerilli function at infinity, using the solutions for K and H 1 obtained by solving the coupled system. Then, the polar gravitational flux is the sum of the multipolar contributions [20, 56, 57] :
which, by virtue of the specific source term, are nonvanishing only for even values of l + m. The scalar flux can be computed through the energy momentum tensor of the scalar field [20, 59] (see also Refs. [60, 61] for another approach). It readṡ
The total energy flux for the polar sector is the sum of the two contributions, i.e.
In the next subsection, we give the details of the polar part of the flux.
C. Emitted polar flux and inspiral resonances
Adopting the procedure explained above, we have evaluated the total scalar and polar gravitational flux emitted by a test particle orbiting a BS in several BS models. In some cases, the numerical integration is challenging. Indeed, for sufficiently small orbital frequency the scalar perturbations decay exponentially at infinity, but they are nonetheless coupled to the gravitational perturbation which instead propagate to infinity as waves.
To achieve good accuracy, the numerical domain of integration should extend up to many wavelengths, i.e. r ∞ σ ≫ 1, where r ∞ is our numerical value for infinity. On the other hand, the typical length scale of the scalar perturbation is given by the Yukawa-like term, i.e. 1/µ. Due to the exponential decay, it is challenging to integrate the scalar field if r ∞ µ ≫ 1, and this sets a limit to the values of r ∞ that can be used. To circumvent this problem, we have constructed the large distance solution perturbatively using many terms (typically 20) in the series expansion of the solutions at the infinity. This allows to reduce numerical truncation errors. Note that this problem becomes more severe when the mass of the scalar field is large, µ ≫ σ.
An interesting phenomenon that occurs for test particles orbiting a relativistic star is the appearance of resonances in the flux (see, e.g., Ref. [54] ). The resonance condition reads
where m is the azimuthal number and σ R is the real part of the QNM frequency. In other words, if the characteristic frequency of the BS matches (multiples of) the orbital frequency of the particle, sharp peaks appear in the emitted flux. This is consistent with a simple harmonic oscillator model, where the orbiting particle acts as an external force and where σ R is the proper frequency of the system. In this picture, the imaginary part of the frequency σ I is related to the damping of the oscillator and it is roughly proportional to the width of the resonance, while the quality factor σ R /σ I is proportional to the square root of the height [54] . The appearance of these resonances seems to be a generic feature of BSs. As shown in Fig. 5 , the resonant frequencies may correspond to a stable circular orbit located outside the BS effective radius (as for the rightmost resonance of the massive BS case in the right panel of Fig. 5 ) or may correspond to stable circular orbits inside the BS (as in the mini BS case shown in the left panel of Fig. 5 ). While resonant circular orbits also occur outside perfect-fluid stars [54] and gravastars [55] , the existence of resonant geodesics inside the compact object is peculiar of BSs, due to the absence of a well-defined surface and due to the existence of stable circular orbits inside the star [1] . We shall address the solitonic BS case later, due to its complexity.
The existence of these inner resonances is intriguing because they appear to be a generic feature of compact objects supported solely by the self-gravity of a scalar field. Indeed, any sufficiently compact object can support bound and quasibound modes in its interior. In Appendix A, we show that constant density stars can support bound-state modes (i.e. modes with purely real frequency) for massive scalar perturbations with l > 0, and they can also support quasibound modes (i.e. modes with small but nonvanishing imaginary part) for massless scalar and for gravitational perturbations. In the case of ordinary stars, these modes cannot be excited because their frequency is higher than the frequency of the innermost stable circular orbit. However, the same class of modes exists also for BSs which, however, admit stable circular orbits in their interior. In the case of a BS, even the massive scalar modes are quasibound. The small imaginary part of the frequency is related to the coupling between scalar and gravitational perturbations: even if the scalar flux is zero for bound-state modes, part of the energy carried by the scalar field can be converted into gravitational energy that is then dissipated at infinity through gravitational waves. This also explains qualitatively why the imaginary part of these modes is small (i.e. why the resonances are generically narrow) because the dissipation mechanism is not efficient.
The structure of the resonances is fairly rich and it depends on the values of l, m and on the specific BS model. We can gain some insight by looking at the analog problem for a Schwarzschild BH. In that case, the location and width of the resonances can be computed analytically in the small mass limit [62, 63] . For the Schwarzschild BH case, the real and imaginary part of the quasi-bound modes read
where n ≥ 0 is the overtone number. Therefore, as σ approaches σ R there is a multitude of modes that can be excited and their separation in orbital frequency vanishes in the large l or large n limit. However, in the same limit the imaginary part (and hence the width of the resonances) of the modes decreases very rapidly, as shown by the last equation above. Our results for the resonances appearing in the flux from a BS inspiral are in qualitative agreement with this behavior. This is shown in Fig. 6 , where we show the polar flux in a restricted region of the orbital radius for some BS model. Due to the complex scalar field, the resonance condition is shifted, σ ± ω ≈ µ, and corresponds to k ± ≈ 0 in Eq. (67), i.e. to the interface between quasibound states and QNMs. In the left panel of Fig. 6 , we show the main l = m = 2 contribution for our mini BS configuration I. In this case, the interface condition k + = 0 occurs at r p ≈ 7.3624M and, even for l = 2, several resonances appear when the particle approaches this peculiar orbit. Similar results hold for the contribution to the flux l = m = 3 for the mini BS configuration I and l = m = 4 for the massive BS configuration I. In these cases, the interface conditions read r p ≈ 10.0292M and r p ≈ 3.8540M , respectively. Note that the width of the resonances decreases very rapidly for large values of l, so that the resonances of higher multipoles are more difficult to resolve and the corresponding modes have a smaller quality factor. Our analysis generically shows that the orbital frequency
plays a special role in the gravitational and scalar flux emitted in a quasicircular inspiral around a BS. The detectability and some observational implications of these resonant frequencies are discussed in Ref. [1] . The presence of the scalar field perturbations is crucial for the resonances. In order to illustrate this point, we have considered a decoupling limit, where gravitational and scalar perturbations do not couple to each other. Although this approximation is not fully consistent, it is nevertheless useful to separate the features of the flux computed for the full coupled system. In this limit, scalar perturbations are described by two coupled second-order equations, which support normal modes, i.e. modes with a purely real part. These modes are very close to the real part of the slowly damped modes found in the full system and they roughly coincide with the resonant frequencies of the point-particle quasicircular inspiral. Likewise, we have computed the gravitational flux after having artificially set the scalar perturbations to zero. In Fig. 5 we show a comparison between the fluxes in the decoupling Table I ), compared with the Schwarzschild BH case. limit and those obtained by solving the full equations for mini BSs and massive BSs. Away from the resonances, the gravitational flux is in very good agreement with the exact result. This is consistent with the picture presented above: in the absence of gravito-scalar coupling, the system would admit normal bound scalar modes. The later, however, acquire a small imaginary part due to the coupling with the gravitational sector and can be dissipated at infinity as gravitational waves. Thus, the real part of the QNMs is mainly governed by the scalar sector, whereas the generic aspects of the flux away from the resonant modes is mainly driven by the gravitational sector.
Supported by the good agreement of the decoupling of the scalar field and gravitational perturbations, we have adopted it to compute the flux in the solitonic BS configurations. In this case, the large mass of the background scalar field makes it challenging to solve the full system. This is due to the presence of two different length scales: the BS mass M which regulates the gravitational sector, and the scalar field mass µM ≫ 1 which regulates the decay of the scalar field.
In Fig. 7 we show the flux obtained in the decoupling limit, compared to its (exact) Schwarzschild counterpart. We only show the stable circular orbits located roughly at r > 6M . For these orbits, the difference is small. This is expected because the external spacetime is very close to the Schwarzschild one. On the other hand, unlike the other BS models, highly energetic stable circular orbits exist close to the stable light ring inside the star. In Fig. 7 we have neglected the resonance structure of the flux. However, as shown in Table V , resonant frequencies for this model correspond to relativistic high-energy orbits and they are not excited by the quasicircular inspiral. Furthermore, since the mass coupling of these configurations is higher than the other models, scalar field radiation is only emitted for very high multipoles, which are subdominant. Thus, for solitonic compact configurations the main distinctive feature of such compact horizonless configurations with respect to a Schwarzschild BH is the possibility of having stable geodesics in the core of the object, which are also associated with large gravitational fluxes. We refer the reader to Ref. [1] , where other features of the inner inspiral are discussed.
VII. CONCLUSIONS AND OUTLOOK
In this work we constructed three different BS models, namely, mini, massive and solitonic BSs. The spacetimes were constructed using the full Einstein equations, without any approximation method. Moreover, we discussed circular geodesic motion in the BS spacetime, showing some specific features that are also present in the case of circular motion in uniform density stars in general relativity, like the presence of two light rings, depending on the compactness of the star. We computed the QNMs of the BS configurations, extending the results of Ref. [16] , showing that generically they would be excited by the motion of a point particle in circular orbits. The energy fluxes emitted by the particle were calculated, showing the distinctive characteristics of the resonances in the flux. The analysis made here also extends the results of Ref. [18] . The discussion on the detectability and observational consequences of the resonances was given in Ref. [1] .
The results presented in this paper offer an answer to the question of whether or not one can distinguish BSs from BHs, from the gravitational point of view. We conclude that the motion of stellar-size objects would leave characteristic imprints in the signal that are intrinsically connected with the BS models. The mass of the bosonic particle forming the star has to be light enough to reproduce supermassive objects. The studies presented here for the gravitational flux are for point particles in circular orbits, and are most applicable in the region where the scalar field φ 0 is small enough, i.e., outside an effective BS radius. Inside the star other effects like accretion and dynamical friction should be considered (see [1] for more details). In particular, these effects in a head-on collision could lead to interesting features. Also, the study of eccentric orbits is a direct and important generalization of the present work.
Another possible extension of the present study is the investigation of EMRIs in rotating BS spacetimes. Rotating BSs were analyzed in the literature, in both Newton's and Einstein's gravity context [64] . Perturbation theory around nonspherically symmetric spacetimes is still a challenge, and some cases were studied only within approximation schemes, like in slowly rotating BHs [50, 53, 65] . The study presented here serves as a reference for further studies of BSs systems. 
In the equations above, R is the star radius and M = m(R) is the total mass. The solution above is valid for r < R, whereas for r > R the spacetime coincides with the Schwarzschild one due to Birkhoff's theorem. For constant density stars, the potential (A6) can support bound states in a certain region of the µ-M parameter space. An example is shown in Fig. 8 .
The potential may develop up to two minima: one is located in the outer region for a certain range of nonvanishing µ and exists for sufficiently compact stars; the other is located inside the star and it also exists also at small densities if the scalar mass µ is sufficiently large. Furthermore, the inner minimum also exists when µ = 0 in a small range of compactness. In both cases, the system allows for normal, bound modes, i.e. modes characterized by a purely real frequency, which can be straightforwardly computed. In Table VI we show some modes computed using a direct integration method for l = 2, R/M ≈ 6.93, M µ ≈ 2.257 and M ω = 1.865 and l = 2, R/M ≈ 3.10, M µ ≈ 7.37 and M ω = 0.899. These parameters were chosen to reproduce the massive and solitonic BS configuration I, analyzed in the main text (cf. Table I ). In those cases, the potential only has one minimum, located in the interior of the star. In Table VI   TABLE VI we also exhibit the orbital frequency of a particle that excites the modes when m = 2, i.e. when the condition σ n = 2Ω p is met. This configuration is qualitatively similar to the case of a point-particle orbiting a BS, due to the coupling between scalar and gravitational perturbations. Indeed, the resonance frequencies are qualitatively similar to those obtained for the massive BS configuration I in the main text. An important difference from the BS case is that even localized scalar modes acquire a small imaginary part. This is due to the fact that scalar perturbations are coupled to the gravitational ones and, although the former are localized in a region of width ∼ 1/µ close to the BS, the latter dissipate energy at infinity through gravitational-wave emission. Thus, part of the scalar field energy is converted and emitted as gravitational waves. We refer the reader to the discussion in the main text for the interpretation of these results and for more details.
